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The estimation of parameters for nonlinear process models is often accomplished through
optimization routines that search for a global optimum with respect to a least squares or
weighted least squares criterion. While such an approach is often reasonable, it fails to
account for all of the information that is available from the data and practitioner. Here we
focus on the inclusion of prior knowledge in the estimation of parameters in nonlinear
dynamic systems. We use the Bayesian paradigm to define the probability distribution over
process model parameters, called the Bayesian posterior. The quantities associated with this
posterior distribution (e.g., credible regions, means, modes) are estimated via Markov Chain
Monte Carlo (MCMC) integration. We first give a short introduction to Bayesian parameter
estimation and the role of MCMC in evaluating arbitrary probability distributions. Bayesian
parameter estimation (via MCMC) is then applied to three case studies. The first case study
shows the basic methodology of assigning and evaluating a Bayesian posterior to a simple
problem that consists of estimating the mean and variance of a sample. The second case study
uses prior information that specifies a preference for a particular type of reaction mechanism
over another for a simulated fermentation system, the inclusion of such prior information is
shown to improve the estimated values of the model parameters in situations where data are
sparse or noisy (compared to the more common weighted least squares approach). The third
case study develops a hybrid semi-parametric neural network (NN) model to predict time-
dependent observed state variables (cell and protein concentration) in Escherichia coli
fermentations. An integral step in the development of this hybrid model is parameter estima-
tion of a nonlinear dynamic model. A hybrid model developed from the Bayesian parameter
estimates is shown to outperform a hybrid model developed from the weighted least squares
parameter estimates for predicting the final protein yield of a test set. © 2005 American Institute
of Chemical Engineers AIChE J, 52: 651-667, 2006
Keywords: Bayesian parameter estimation, Murkov chain Monte Carlo integration, non-
linear dynamic models, fermentation, E. coli

Introduction

The estimation of physical quantities from observed data is
an integral part in the control and optimization of chemical and
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biochemical processes. The difficulties in performing such
tasks arise from having complex physical phenomena where
only a limited amount of data is available, which may also
include high levels of noise. Estimation of parameters in mod-
els that describe the time dependent nature of chemical and
biochemical processes is a common extension of this problem.
The general problem can be stated as determining a vector of
parameters ¢ (e.g., kinetic rates of reaction, stoichiometric
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coefficients) after observing some data D. The data will usually
consist of observed state variables (i.e., product or reactant
concentrations) at N discrete time points, D=[¢t={t,, t,, ...,
tv}, Y={J,, 72, ..., v}, where ¥, represents multiple re-
sponses observed at time f,.

Parameter estimation of nonlinear process models is most
often accomplished by nonlinear weighted least squares
(WLS). Reviews of least squares and related methods can be
found in vanBoekel,! Donaldson and Schnabel,2 and Mendes
and Kell,> among others.*> While such methods provide ade-
quate solutions for many problems, they do not effectively
handle prior knowledge and may not be robust in the presence
of sparse or noisy process data. Bayesian methods are well
suited for the inclusion of prior knowledge into statistical
analyses. Box and Draper® introduced Bayesian methods for
estimating parameters of chemical reaction models from mul-
tiresponse data. Our approach shares the same fundamentals;
however, we focus on combining prior information from a
practitioner (e.g., the assumption that product inhibition is
more likely than substrate inhibition in an enzymatic reaction)
along with observed data to improve the estimated values of
model parameters (¢p). It is shown here that process models
developed from the Bayesian methods outperform those pro-
duced from the more commonly used nonlinear WLS methods
for data sets that are sparse and noisy.

The Bayesian methods used here define the joint probability
distribution over three types of parameters: model parameters
(e.g., kinetic rates of reaction), noise parameters (e.g., the
standard deviation of noise in the measured state variables),
and hyper-parameters. Here, hyper-parameters are used to in-
terpret the prior knowledge specified by the practitioner.” This
joint probability distribution is referred to as the Bayesian
posterior and describes the probable values for all parameters.
The posterior distribution is used to calculate all parameter
estimates of interest (e.g., means, modes, credible intervals). A
major difficulty in the Bayesian approach is evaluating the
posterior density, which requires complicated integrals to be
performed over arbitrary probability distributions. Oftentimes
these integrals are analytically intractable and difficult to ap-
proximate. Markov Chain Monte Carlo (MCMC) sampling has
been shown to be effective at handling many of these intrac-
table integrals.81© We prefer MCMC methods to evaluate
Bayesian posterior densities because they require the fewest
assumptions about the posterior; with MCMC we do not have
to rely upon Gaussian or other fixed form distributions (e.g.,
Student’s t-distribution) to approximate the posterior distribu-
tion. Chen et al.'' discuss in more detail the advantages of
Monte Carlo sampling in state and parameter estimation of
nonlinear dynamic systems.

Bayesian approaches (evaluated via MCMC) have been used
previously to estimate growth parameters of microbial sys-
tems.'>!3 While both approaches used data from literature
along with their own experience with the microbial systems as
their source of prior information, they do not include the use of
hyper-parameters as discussed in this article in their analysis.
The use of such hyper-parameters allows for more general
types of prior information in estimating parameters. One ex-
ample of this would be if we know there are two types of
growth inhibition occurring in a fermentation (e.g., inhibition
due to accumulation of product or lack of substrate!+!5), but we
believe that product inhibition has a stronger influence than
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inhibition from a lack of substrate. In the approach explained
here, hyper-parameters are used to specify such preferences.
Then Bayesian probability theory is used to determine param-
eter values that agree with our prior specifications (e.g., prod-
uct inhibition is more likely) while still explaining the observed
data. The use of hyper-parameters in the presented Bayesian
analyses has been adapted from regularization techniques. Reg-
ularization techniques were first developed by Tikhonov!¢ to
solve ill-posed mathematical problems that require additional
information to find a unique solution. Regularization tech-
niques have been interpreted several times under the Bayesian
framework to solve various types of problems.!”-!'8 Here we
adapt regularization techniques into the Bayesian framework
and generalize them for the estimation of parameters of non-
linear dynamic models.

The first section of this article reviews the basic components
of Bayesian inference that are critical in the applications used
in this article, along with an introduction to MCMC sampling.
The second section of this article discusses three case studies.
Case study one uses time independent single response data
(product yields from three processes) to illustrate the basic
implementation of MCMC methods to evaluate a Bayesian
posterior probability distribution that includes one model pa-
rameter, one noise parameter, and one hyper-parameter. The
second case study analyzes data from a simulated fermentation
system where the Bayesian posterior includes eight model
parameters, three noise parameters, and two hyper-parameters.
The inclusion of prior information in the Bayesian framework
is shown to improve estimated parameter values when com-
pared to a WLS approach. Case study three uses experimental
fermentation data that have been collected in our lab. A model
that describes time dependent process characteristics (e.g.,
maximum specific growth rate) is developed; the Bayesian
posterior includes seven model parameters, three noise param-
eters, and three hyper-parameters. Parameter values are esti-
mated for 25 experiments that vary in different process condi-
tions (such as pH, temperature, media ingredients). These
parameter estimates are then used to train NN models that
relate the time dependent process characteristics to the various
process conditions. A different set of 10 fermentations is then
used to test the empirical process model. A process model that
used Bayesian parameter estimates is shown to predict the test
set better than a model that used nonlinear WLS parameter
estimates. Overall, the Bayesian methods seem to be most
advantageous in situations where only sparse or noisy data are
available.

Materials and Methods
Fermentation processing

Case study three uses a historical Escherichia coli database
that was generated using a strain obtained from Drs. William
Bentley and Govind Rao at the University of Maryland, Col-
lege Park, and the University of Maryland, Baltimore County,
respectively. This E. coli strain, IM 105 (F’ Alac-pro thi strA
endA sbcB15 hspR4 tra36 pro AB™ lacl? -ZAM15), bears the
plasmid [pBAD-GFP::CAT]."* The GFP and CAT reporters
each possess a ribosome-binding site; however, both are under
the control of the pPBAD promoter of the araBAD (arabinose
operon). E. coli IM105 [pBAD-GFP::CAT] was induced for
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Table 1. Process Inputs for Experimental E. coli Database in Case Study Three (These inputs are not Included in the ODE
Model of Eq. 26)

Input Class # Input Name Range Description
Fermentation conditions pH 6.70-7.30 Controlled at set point with acid/base feed
Temperature (°C) 30-37 Controlled at set point with cooling jacket
DO (% saturation) 20-40 Controlled at set point via agitation

Media variables Yeast extract concentration (g/L)
Tryptone concenteration (g/L)

Percent arabinose (% wt/vol)

NN RN~

7 Induction time (h)

8 Yeast extract source

9 Feed strategy (mL/min/g/L)
10 Antifoam

11 Antibiotic

Inoculum conditions 12 Inoculation volume (mL)
13 Inoculation time (h)

Difco, Tastone, Amberex

5-15 In initial medium
15-30 In initial medium
0.05-0.20 Used for induction; three times on an
hourly basis
2-4 Time for initial induction following
initiation of feed
Source of yeast extract
Glucose feed rate set at a ratio
proportional to the cell density after
reaches
Antifoam added before or after
autoclaving fermentors
No, yes Ampicillin added to fermentor
100-400 Volume used to inoculate 4 L of medium
6-12 Time that inoculum is allowed to grow
prior to use

1 12
10°5°5
Before, after

expression of green fluorescent protein (GFP) by the addition
of appropriate amounts of arabinose.?°

All fed-batch experiments were carried out in four BioFlo
3000 fermentors, each with a 5 L working volume (New
Brunswick Scientific, NJ). All inocula were grown in an Innova
4000 shaker at 37°C and 200 rpm and were added to the
fermentors by gravity. Media for the fermentations (4 L ini-
tially per fermentor) were prepared by combining yeast extract
(Amberex 900, Universal Flavors, Juneau, WI; Tastone 900,
Universal Flavors, Juneau, WI; or Difco Yeast Extract, Becton-
Dickinson, Sparks, MD), tryptone (Fisher BioTech, NJ), and
NaCl (40 g/L, Fisher Scientific, USA). Feed solutions contain-
ing 400 g/L D(+)-glucose (Sigma Chemical Company, St.
Louis, MO) in deionized water were sterilized separately by
autoclaving. The glucose feed was started when the broth
reached an optical density (600 nm) reading of 2.0 (0.4 g/L)
and was adjusted every two hours to a rate proportional to the
optical density. Induction was achieved by injecting L-arabi-
nose (Sigma Chemical Company, St. Louis, MO) solution,
every hour for three hours, beginning either two or four hours
after the start of glucose feed. A stock solution of ampicillin
(100 mg/mL) was filter sterilized and stored at 4°C; appropriate
amounts, based on 4 L media, were added according to the
experimental design. The pH was controlled by the addition of
2 N sulfuric acid and 2 N sodium hydroxide. The dissolved
oxygen (DO) level inside the fermentor vessel was controlled
using agitation, with the minimum and maximum levels of
agitation set at 200 and 1000 rpm, respectively. The experi-
ments were designed in such a manner that no addition of pure
oxygen was required. The foam level was maintained by the
addition of appropriate amounts (approximately 1 mL) of An-
tifoam 289 (Sigma Chemical Company, St. Louis, MO). All
fermentation inputs along with their operating ranges are
shown in Table 1. Thirty-five unique combinations of these
fermentation inputs (along with three repeated combinations)
were performed. Additional experimental details can be found
in Buck et al.?! and Coleman et al.??
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Computation

All computational algorithms were implemented using
MATLAB® v6.0 (The Math Works, Inc., Natick, MA), and run
on personal computers (3 GHz, 2 GB RAM). Several
MATLAB® toolboxes were also utilized: the optimization tool-
box (The Math Works, Inc., Natick, MA) and the Netlab
toolbox (Neural Computing Research Group, Aston University,
Birmingham, UK).

Theory
Bayesian inference

The fundamental difference between Bayesian and tradi-
tional statistical methods is their interpretation of probability.
Classical methods, also known as frequentist methods, perceive
probability as the long-run relative frequency of occurrence
determined by the repetition of an event. A Bayesian perceives
probability as a quantitative description of one’s degree of
belief in a given proposition.?>-24 This interpretation of proba-
bility better enables a practitioner to account for prior infor-
mation in a statistical analysis, which is the primary reason it is
used here. Many texts are available for detailed discussion of
Bayesian ideas”-2>2¢; a brief outline is given below.

Bayesian inference begins with the Bayes Theorem, which is
stated:

Pr(D|0)Pr(0)

Pr(6|D) = PrD)

(1)

While 0 may represent any arbitrary hypothesis, here it is
exclusively used to represent a vector of parameters and D
represents some data that have been collected. Pr(6|D) reads as
the probability of @ given that D has been observed and is
referred to as the Bayesian posterior probability distribution of
0. This posterior distribution is a joint probability distribution
over all parameters and is used to make all decisions with
respect to 0. The Bayesian posterior is comprised of three
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components: the sampling distribution Pr(D|@), prior Pr(6), and
marginal likelihood Pr(D) Pr(D|0) represents the probability of
data set D occurring given that the parameters 0 are known;
however, we do not know 0, we only know the data set. When
D is known and 0 is unknown, then this term is referred to as
the likelihood of the parameters given the data and denoted
L(OD). In this article the likelihood always relates the ob-
served data to a physical model through the use of model and
noise parameters. Pr(@) specifies the possible values of 6
before any data has been observed and is referred to as the prior
probability of 0. For example, if a parameter is known to be
positive, then the prior distribution specifies such information
(e.g., Pr(6 > 0) = 1). The prior distribution always specifies
the feasible values of the model and noise parameters that are
used in the likelihood. Pr(D) is essentially a normalizing con-
stant that assures that the posterior integrates to unity; this
quantity is sometimes called the marginal likelihood, global
likelihood, evidence, or Bayes Factor. It is not necessary to
calculate the marginal likelihood in the work presented in this
article; all of the relevant information is contained in the
product of the likelihood and prior or otherwise stated:

Pr(0|D) = L(6|D)Pr(6). )

To illustrate the formulation of these terms, suppose an
arbitrary process has been run three times and each time the
product yield was recorded, D = [g = {98, 100, 102}], where
g is the observed product yield of the i™ process run. Next, we
would like to infer the expected product yield of future process
runs if the same condition sets are used. We will assume that
each product yield is independent from all others and distrib-
uted normally with an unknown mean () and standard devi-
ation (o). The sampling distribution for a single new data point
given the values of 8 and o is described by

Pr(g;

a2
(& B)) 3)

1

The sampling distribution, which describes the possible values
of any three observations, is then

Pr(D

B, o) =[] Pr(glB, o). 4)

Rearranging Eq. 4 and specifying that the data D remains
constant while the parameters 3 and ¢ are varied results in the
likelihood of the mean product yield and standard deviation

E? (g — B)z)

1
L(B, o|D) = S CXP(— 252 (5)

This likelihood uses one model parameter (8) and one noise
parameter (o) to describe how the observed data was gener-
ated.

Next, prior distributions must be assigned to 8 and o. Two
commonly used priors when very little is known about a
parameter are
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Pr(B) = 1 (6)
and
Pr(log(o)) o< 1. (7)

Both of these priors are used to specify that no information is
known about either parameter before any data has been ob-
served; hence, they are referred to as non-informative priors.
The second type of prior (Eq. 7) was first derived by Jeffreys?’
for spread parameters such as o. A prior distribution that
expresses a parameter in terms of its logarithm is illustrated in
Figure 1. While such non-informative priors can be useful in
certain situations, there are many dangers and caveats in using
them in a Bayesian analysis, as will be seen in the first case
study. For more information on non-informative priors, see
Box and Tiao.?8

Use of more informative priors is generally the preferred
approach. In the example above, we know that the mean
product yield (8) must be equal to or greater than zero and
there is likely to be an upper limit that is impossible to reach.
A prior that specifies minimum and maximum attainable values
is expressed as

I if Bmin = B = Bmax

Pr(p) o {0 otherwise ’ ®)

which states that all values between f,,,;, and B, are equally
as probable while all other values are impossible. Such a prior
is analogous to upper and lower bound constraints in nonlinear
optimization. A slightly more informative prior over (3 may be
expressed as a half Gaussian,

: B\ itp=o
Pr(B) %exf’(_zo%) Hp=0 ©)

0 otherwise

where o is a spread parameter that describes how large of a
value you believe 3 could be; setting og equal to ,,,,,/3 would
specify that you were 99.7% sure that 3 is less than ., and
values near zero are more probable than those near f3,,,,. Both
Bumax and o are referred to as hyper-parameters; hyper-param-
eters are here defined as those associated with prior distribu-
tions and are used to interpret the information that is available
from a practitioner before any data has arrived. All other types
of parameters used in this article (model and noise parameters)
are associated with the likelihood. Just as with the noise pa-
rameter above (o) when the value of a hyper-parameter is not
known, a prior distribution must be assigned to it as well. For
example, minimum and maximum values may be assigned to
o

1f (TB min = O-B = O-B max

otherwise (10)

Pr(log(ap)) {(l)

Each type of prior distribution used in this article is illustrated
in Figure 1.
Therefore, taking the product of the likelihood (Eq. 5), the
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Figure 1. Four possible types of prior distributions:

(a) Non-informative prior defined over 3, (b) flat prior with upper and lower bounds defined over £, (c) flat prior with upper and lower bounds
defined over log(B), (d) half Gaussian prior defined over 8 with a mode of zero and standard deviation of 100. Distributions (b), (c), and (d)
are all normalized so that the area under the distribution is equal to unity. Distribution (a) is referred to as an improper prior because it cannot
be normalized. Distributions (b) and (c) are similar to each other; however, (b) specifies that a value of 3 between 0 and 50 is as probable as
a value between 50 and 100, while (c) specifies that a value of 8 between 1 and 10 is as probable as a value between 10 and 100.

informative prior over 3 (Eq. 9), the non-informative prior over In this article 0 represents all of the parameters in the posterior
o (Eq. 7), and the weakly informative prior over o (Eq. 10) (model, noise, and hyper) and for Eq. 11 6 = [f, log(o),
determines the form of the Bayesian posterior density for (3, log(a)]. Notice that the posterior is now defined over log (o)

log(0), and log(op) and log(op) and not o and oy; this subtle difference is impor-

tant but a discussion of it is outside the scope of this article.?8-2°

Pr(60|D) = L(B, o|D)Pr(B)Pr(log(c))Pr(log(c)) The assignment of priors is a subjective matter and, therefore,
5 ) ) Eq. 11 is only one possible Bayesian posterior.

. b exp(— i (86— B ) b exp(— B ) (a0 The key points thus far are that the likelihood and priors are

o’ 20° Op 20’?; all that is required to define a Bayesian posterior. The likeli-
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hood uses model and noise parameters to describe the physical
phenomena being observed. The priors describe the probable
values for all parameters before any data has been observed;
prior distributions use hyper-parameters and range from being
non-informative Eq. 6 or weakly informative Eq. 8 to infor-
mative Eq. 9. Choosing an appropriate prior is dependent
upon what is known or believed about a particular parame-
ter. The product of the likelihood and priors define the
Bayesian posterior, which is the joint probability distribu-
tion for all parameters after data has been observed. Once a
Bayesian posterior is defined, it must be evaluated, that is,
we would like to determine the mode, mean, and credible
intervals that are associated with each of the parameters.
MCMC sampling is preferred for these purposes because
fewer assumptions need to be made about the posterior than
would be needed with other methods.

Markov Chain Monte Carlo methods

Calculating properties of the Bayesian posterior requires
evaluating integrals of the form:

ELf(0)] = f " fO)Pr(6ID)d6. (12)

If the probability distributions involved with such integrals
have familiar fixed forms (i.e., Gaussian), then they may be
analytically integrated. However, Bayesian posteriors most of-
ten have irregular forms that result in integrals that cannot be
calculated analytically. In such situations it is required that a
collection of points distributed according to the probability
distribution be used to calculate the integrals. For example,

1 Ns .
ELAON = & 2 A0Nlim Ny — o=, (13)

where (6V,. .. ,0™) are random samples determined by and
drawn from the posterior distribution, can be used to calculate
the integral of Eq. 12. This type of integration is known as
Monte Carlo integration.'?-3° In complex situations, such as the
analysis of nonlinear process models, independent values from
the posterior cannot be directly sampled. However, because we
can evaluate Pr(0|D) for any value of 8, Markov Chains can be
utilized to simulate dependent samples. A Markov Chain con-
sists of Ng samples (0V,. .. 69,. .. 0™), where the i™ sample
is only dependent upon the preceding sample. For more
information on Markov Chains, readers are referred to other
sources.'?

Our purpose for using Markov Chain Monte Carlo (MCMC)
is then to draw samples from the posterior distribution and use
these samples to estimate properties of the parameters in the
posterior (i.e., means and credible intervals for ). To do this
we begin by defining an initial state 8" and then attempt to
generate a new state (or sample) 0 that is distributed accord-
ing to the posterior. We then must conceive a transition rule
from 0 to 8"V that will result in a Markov Chain that has the
posterior distribution as its equilibrium distribution; that is, as
the length of the chain approaches infinity, the distribution of
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the chain approaches Pr(0|D). A simple algorithm was pro-
posed by Metropolis et al.3! that achieved this goal. A good
review of the Metropolis algorithm and its generalizations can
be found in Chib and Greenberg.3> The result of an MCMC
simulation is an Ng X N, matrix of 6 samples,

0{ t BIIVP
o= : (14)

. I
gf’s B%i

where there are N, parameters in the posterior and Ny MCMC
samples.

The most challenging issue with the Metropolis algorithm is
choosing how to perturb 8 in calculating the next sample (0”).
One approach that is straightforward to implement is to utilize
a multivariate normal distribution to perturb . That is, we
add some amount of noise to the current state of the chain (6"
= 0" + g), where ¢ is distributed normally ((¢ ~ N(O, Eq)))
and Eq is referred to as the covariance matrix of the proposal
distribution. Roberts et al.3? showed that if both the posterior
distribution and proposal distributions are normal, then X,
should be adjusted so that the acceptance rate (frequency that
0" is accepted as the new state) is 0.45 for one dimensional
distributions, 0.25 for distributions of six dimensions, and
approach 0.23 as the number of dimensions approaches infin-
ity. While most posteriors are not exactly normal, we use these
as general guidelines to adjust X,

The next important issue to deal with in MCMC simulation
is to decide how many samples to collect, or when is it safe to
assume the mean of the Markov Chain samples has converged
to the mean of the posterior distribution. Collecting too few
samples will result in inaccurate integration. A popular review
of many approaches to diagnosing the convergence of Markov
Chains can be found in Cowles and Carlin.3* Here we adopt the
use of potential scale reduction factors ((I?j)) to estimate when
it is safe to stop the MCMC chain.” R ; 1s associated with the i
parameter of @ and estimates the potential improvement in the
Markov Chain estimation of 6, if the MCMC sinAlulation were
continued. At the end of an MCMC simulation, R; values near
one suggest that continuing the simulation would yield little
improvement. In order to calculate R;, two or more parallel
chains must be simulated. It is safe to stop an MCMC simu-
lation when R ; values for all of the N parameters are close to
one.3>

In summary, a collection of points must be sampled from the
posterior in order to find the means and credible intervals for
each parameter. Markov Chain Monte Carlo methods are used
to simulate samples from the Bayesian posterior. In the work
presented here, we exclusively use a random walk Metropolis
algorithm to perform Markov Chain simulation. Below, the use
of these methods is illustrated in three case studies.

Results
Case study one: Estimation of the mean product yield

In a previous section we defined the form of a Bayesian
posterior for the mean product yield (), standard deviation
(0), and hyper-parameter (o) of an arbitrary process (Eq. 11),
where the hyper-parameter was used to specify a preference for
smaller values of 3. After some data have been observed (D =
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[g = {98, 100, 102}]), we would like to determine the values
and credible intervals for each parameter. The main objective
of this example is to examine how the informative prior over 3
(Eq. 9) affects its estimated value given various data sets with
different noise levels. Suppose that previous experience with
similar processes has shown mean product yields to be between
5 and 400. After a change in the process conditions, the mean
product yield must be estimated from three experiments. We
believe B is more likely to be closer to zero than 500 (the
estimated upper limit of (3); however, we are not sure what
value to set o (the spread parameter for the half Gaussian prior
over 3, which determines how much to shrink ). A prior over
0 is then defined to explain our uncertainty in its value,

1 if 10 = oy = 500

Pr(log(ay)) = {0 otherwise (15)

This prior over o specifies a 68% certainty that 8 will always
be less than 500, but we do not want to let the prior shrink
values of 3 below 10. The posterior in this example is then the
same as Eq. 11, where 3 is greater than or equal to zero and
log(o) has upper and lower bounds.

After establishing the form of the posterior, MCMC simu-
lation is performed. To do this, we use the Metropolis algo-
rithm (programmed in MATLAB® by the authors) to run three
independent chains in parallel that use the same proposal
covariance matrix . An iterative procedure is implemented to
re-estimate ¥, and adjust the acceptance rate to be between 0.2
and 0.3. This iterative procedure closely follows the sugges-
t}ons of Gelman et al.” and continues until IéB, Iélog((,), and
Rlog(%) are all less than 1.1. The three chains are then combined
to produce a 3Ng X N, matrix

BY  log(@)V  log(ay)"

0= (16)

B(SNS) IOg(O')(SNS) IOg(O'B)(SNS)

Figures 2a, b, and c show the histograms for each column in
matrix @ when data D' has been observed (see Table 2). These
histograms are discrete approximations to the marginal poste-
riors for each parameter. A marginal posterior is the one-
dimensional probability distribution of a parameter where the
full posterior is multidimensional. To evaluate the posterior in
one dimension, we need to integrate with respect to all vari-
ables except one; for example,

Pr(BD) =

log(500) +o
j f P(B, 1og(0), log(ay)|D)d log(o)d log(op), (17)
1 —

og(10)

where P(B|D) is the marginal posterior of 8. The first column
of @ is a discrete approximation to P(3|D); thus the expecta-
tion of B can be estimated by the mean of the first column. The
marginal mode of (3 can be estimated by determining the
highest peak in the histogram of Figure 2a. Credible intervals
can similarly be estimated from the range of the histograms.
For comparison, Figure 3 also shows the marginal posteriors
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to B and log(o) when a weakly informative prior is used for 3,
which results in

2? (& — B)z

1
Pr(0|D) « Oﬁexp<— 25 ) if0=B=10* (18)

as the full posterior. The marginal posteriors of Eq. 18 are
available in closed form.2?> However, such closed form solu-
tions are rarely (if ever) available for Bayesian posteriors
associated with nonlinear dynamic processes.

Figure 2 shows how an informative prior over B influences
the marginal posteriors given several additional data sets
(shown in Table 2) that have varying levels of noise. Two types
of prior distributions for 3 are compared in Figure 2, the half
Gaussian informative prior (evaluated via MCMC) and the
weakly informative prior (evaluated analytically). The mean
value of the samples is identical for each data set (g = 100),
however, the standard deviation of the samples is different for
each data set. It can be seen that the prior has very little
influence upon the inference of 3 when the data strongly
suggest that it is 100 (Figure 3a). However, the prior becomes
more influential if the data weakly suggest that the mean
product yield is 100 (Figure 3j). The histograms of Figure 2 use
a weakly informative prior for the hyper-parameter o (Eq. 15).
Figure 3 shows the marginal posteriors for data sets D' and D*
when a non-informative prior is used over the hyper-parameter,
Pr(op) o 1. Notice that little has changed to the inference of 3
when D! is observed; however, the marginal posteriors for D*
are drastically different. If the hyper-parameter is allowed to
take very low values, the prior over 3 overwhelms the posterior
and shrinks the estimated values of 8 to unreasonable values.
Such phenomena are why it is preferable to use informative
priors.

Case study two: Microbial growth inhibition

This second example deals with data that have been gener-
ated from a simulated batch fermentation system. We demon-
strate that improved parameter estimates can be achieved by
imposing informative priors on two of the model parameters.
The model system is comprised of three state variables: cell
concentration (X), substrate concentration (S), and product
concentration (P). The system is defined by the following set of
coupled ODEs

dx
ar ~ X
as  pX
dP
dr = YpxiX
o MnaS p
“_KS+S(1 K) (19)

where .. 1S the maximum growth rate, K is the Monod
constant, K is a product inhibition term, Yy,q is the stoichio-
metric coefficient describing the formation of cell mass from
substrate, and Y,y is the stoichiometric coefficient describing
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Figure 2. Approximated marginal posteriors of B, o, and o for the four different data sets D', D? D?®, and D* (see

Table 2).

(a), (b), and (c) correspond to D'. (d), (e), and (f) correspond to D?. (g), (h), and (i) correspond to D*. (j), (k), and (1) correspond to D*.
Histograms correspond to MCMC simulations of the Bayesian posterior with the informative prior over 8 (Eq. 11), and the smooth curves
correspond to exact marginalization of the Bayesian posterior with all weakly informative priors (Eq. 18). The observed data points of each

data set are also shown on the x-axis of (a), (d), (g), and (j).

the formation of product from cell mass. Observations of the
state variables were simulated by solving the system of ODEs
using MATLAB® function ODE23 (MATLAB®) and adding
Gaussian noise,

vi = fild, 1)
Vi=yitoe;
€ji ~ N(0, yji/aj) (20)

where yy; = X; = fi(d, 1)), y2; = S; = fo(, 1), and y3; =
P; = f5(d@, t,) represent the state variables at time 7;, d = (X,
S0 Po» Mmaxs Kss Kps Yo Ypsx) is a vector of model
parameters (including initial conditions), y;; represents the sim-
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ulated observed j" state variable where Gaussian noise is added
to y;;, e;; is the noise added to the jth state variable at time ¢,, and
a; defines the signal to noise ratio for the j™ state variable.
Parameter values used for simulation are shown in Table 3.
Figure 4 shows a single simulated fermentation along with
simulated observations taken every two hours.

The first approach taken to estimate the parameters was
to perform weighted least squares optimization assum-
ing that the true values of the noise parameters (c;) shown in
Table 3 are known. This assumption was made for simplic-
ity, though in reality an independent estimate of experimen-
tal error would be sought. The minimized objective function
was

AIChE Journal



Table 2. Utilized Data Sets in Case Study One*

Uniform Prior on 3

Informative Prior on

Data Set g E[B] 95% CI E[B] 95% CI
D' 100 100.0 (95.0, 105) 100 (95.0, 104.8)
98, 100, 102
D? 100 101.2 (56.1, 149.6) 94.7 (25.0, 138.6)
80, 100, 120
D} 100 110.0 (0,250.9) 78.7 (0.0, 154)
40, 100, 160
D* 100 125.0 (0, 352.9) 73.8 (0.0, 182)
0, 100, 200

*Two different Bayesian posteriors were used to perform inference on the mean product yield (). One posterior included a uniform prior over 8, and the other

included a half Gaussian prior over f3.

e
q;

where D = {7, t} represents the observed state variables at their

respective times. The minimum and Hessian were estimated

using the function LSQNONLIN (MATLAB® optimization

toolbox) that included upper and lower bounds for each of the

model parameters (see Table 3). These were then used to form
a Gaussian approximation to the posterior.>*

The second approach taken to estimate the parameters was to

perform MCMC on a Bayesian posterior. The likelihood asso-

ciated with the eight model parameters (¢b) and three noise
parameters () is

L(¢, alD)

1 (5 — fi(b. 1))
- . zzym

@mV2 1L 1Y 2

J
where the term in the exponent is equal to WSSE. Independent
uniform priors over open intervals were assigned to most
parameters. The bounds for each parameter are the same as
those used for the WLS criterion and are shown in Table 3.
More informative priors are assigned to the Monod constant K
and the product inhibition term K,. Suppose we believe that
growth is more likely to be inhibited by the concentration of
product rather than the lack of substrate. This type of informa-

(22)
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Figure 3.

Approximated marginal posteriors of g, o, and o, for data sets D' and D* (see Table 2).

(a), (b), and (c) correspond to D'. (d), (e), and (f) correspond to D*. A non-informative prior distribution over o was used, Pr(log(op)) o 1.
Note that the x scales for D* distributions are different due to large differences in the predicted parameter values.
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Table 3. List of Parameters for Case Study Two*

Parameter Type Parameter Lower Bound Upper Bound True Value
Model Xo (g/L) 0 1 0.02
So (g/L) 8 12 10
Po (g/L) 0 1 0.01
Mmax (1/hr) 0 10 1
K (g/L) 0 10 0.1
Kp (g/L) 0 1000 50
Yy (g/2) 0 100 .25
Ypx (8/2) 0 100 20
Noise log(ay) log(1/1000) log(1) log(1/20) or (1/500)
log(ay) log(1/1000) log(1) log(1/20) or (1/500)
log(ap) log(1/1000) log(1) log(1/20) or (1/500)
Hyper log(og,) 1og(0.001) log(10) NA
log(o,) log(1) log(1000) NA

*Each parameter has upper and lower bounds that are used for both WLS and Bayesian approaches; however, in the Bayesian approach, the upper and lower bounds
for K and K, are replaced with half Gaussian priors defined by o and oy, (see Eq. 24). The true values are those used to simulate the data shown in Figure 4.

tion can be used to formulate prior distributions over K and
Kp. By looking at the form of the ODE model above, we can
see that this can be accomplished by specifying a preference for
smaller values of K and K. Thus, we impose half Gaussian
priors over K and K. For example,

! K if Kg>0

- _ ) K.
Pr(Ky) = {og, P\ 20%, ST
0 otherwise

(23)

where o _is a hyper-parameter that describes how large of a
value you believe Ky may take. As seen in case study one,
imposing this type of prior will shrink the estimated values of
K and K, in a manner that is consistent with the data. Upper
and lower bounds are assigned to each hyper-parameter (see
Table 3):

1 if 0.001 < oy, <10

Pr(log(oy,)) = {0 otherwise @4)

This prior over log(o ) specifies a range of priors that we are
willing to consider for Kg. MCMC integration was performed

as in case study one, but now the posterior included a total of
13 parameters (eight model, three noise, and two hyper).
These two approaches were then used to estimate the pa-
rameters given that only the four circled data points in Figure
4 have been observed. Figures 5a though 5e show the Gaussian
approximations (via WLS) and histograms (via MCMC of the
Bayesian posterior) to the marginal posterior of each model
parameter (except initial conditions). Notice that both methods
result in very similar distributions for Yy, and Y,,. However,
distributions for w,,,. Ks, and K, are very different when the
Bayesian methods are applied. The WLS estimate for Ky is
5.75; however, the data does not strongly suggest this value.
The Bayesian approach shrinks the value of K to agree with
both our prior knowledge and the data. A similar difference is
seen in the Bayesian estimate of w,,,, because of correlations
between .., K, and Kp. Next, the two approaches were used
to estimate the parameters when the signal to noise ratio for
each parameter increased from «;=20 to a;=500. Figures 5f
through i show the Gaussian approximations (via WLS) and
histograms (via MCMC of the Bayesian posterior) to the mar-
ginal posterior of each model parameter (except initial condi-
tions). As the signal to noise ratio increases, the estimated
parameter values will converge upon the true parameter values.

1 B0
25 i 104 .
g A0 . T
2 8 5
; 40
-~ ~— —_—
= 15 < 6 =
) ) % 10
g o’ 5 p e
> 0 o
1 4 P
3
05 2 10
1
s . . D s . . o . . :
i 5 10 15 20 0 5 10 15 20 i 5 10 15 2

time (hours)

time {hours)

time (hours)

Figure 4. Simulated observations of cell (X), substrate (S), and product concentrations (P).

Smooth curves are generated from integrating the ODE model (Eq. 19) with the three parameter values specified in Table 3. Observations are
simulated by adding Gaussian noise with a standard deviation of y,/a;, where y;; is the true value of the simulated j™ state variable at time ¢,

and q; is the signal to noise ratio of the J" state variable.
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Figure 5. Approximated marginal posteriors of each model parameter for three different data sets, D', D? and D°.

Sections (a) through (e) correspond to the first five points shown in Figure 4 (D"). (f) through (j) correspond to the first five points shown in
Figure 4 when noise level is reduced by a factor of 25 (D?). (k) through (o) correspond to all ten points shown in Figure 4 (D?). Notice how
the Gaussian approximations of w,,,., Ks, and K, for D' (a, b, and c) are all wide and weakly determined. Gaussian approximations were
truncated for values that exceeded the upper and lower bounds (such as b), causing other parameter distributions to appear non-Gaussian (e.g.,
a). When the noise level is reduced (f, g, and h) or when additional data is observed (k, 1, and m), the difference between the WLS Gaussian
approximations and Bayesian histograms becomes less drastic. All vertical lines represent true parameter values used to simulate data

observations.

Next, the two approaches were used to estimate the parameters
given that all ten data points in Figure 4 have been observed.
Figures 5k through o show the Gaussian approximations (via
WLS) and histograms (via MCMC of the Bayesian posterior)
to the marginal posterior of each model parameter (except
initial conditions). Notice that all of the Gaussian approxima-

tions and histograms closely resemble each other. The addi-
tional data have overwhelmed the prior distributions because
each parameter is now strongly determined by the data. Table
4 summarizes the estimated values for all parameters.

The main point in this example is that minimizing the error
between model predictions and observed data does not always

Table 4. Estimated Values for Each Parameter Given Various Data Sets and Estimation Methods*

D' D? D’
Parameters WLS Bayes WLS Bayes WLS Bayes
Xo 0.0201 0.0203 0.0200 0.0200 0.0199 0.0196
So 9.65 9.70 10.00 10.00 9.60 9.61
Po 0.0100 0.0101 0.0100 0.0100 0.0100 0.0101
Mmax 1.54 1.03 1.01 1.01 0.98 0.98
K 5.76 0.57 0.24 0.17 0.09 0.09
Ky 78.5 59.3 . 60.5 61.1 60.6
Yy/s 0.25 0.25 0.25 0.25 0.26 0.26
Yp/x 20.3 20.0 . 20.0 20.1 20.2
log(ay) NA —2.69 NA —6.02 NA —2.68
log(ag) NA —3.00 NA —6.03 NA —3.11
log(ap) NA —2.52 NA —5.80 NA —2.85
log(og,) NA —1.30 NA —1.89 NA —1.96
log(o,) NA 4.23 NA 4.31 NA 4.40
WSSE 2.69 3.03 9.80 10.48 6.54 8.06

*D! represents the first five data points (circled data points) shown in Figure 4. D? represents the same five data points when the observed noise values are reduced
by a factor of 25. D? represents all ten data points shown in Figure 4. Noise and hyper parameters are not applicable (NA) for the WLS method (noise parameters
are assumed to be known). The weighted sum of square error (WSSE Eq. 21) is also shown for each set of model parameters. WLS estimates are determined by
the set of model parameters that minimized WSSE. Bayes estimates are the mean values of the Bayesian posterior.
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yield optimal parameter estimates. Prior information about the
value of a parameter can be used to improve estimating its value
from data. While exact knowledge may not be available, general
assumptions can be used to improve estimates in situations where
data are sparse and noisy. As the amount of available data in-
creases, prior information becomes less influential.

Case study three: Prediction of fermentation protein
yield

In this third example, we analyze data from an experimental
recombinant E. coli fermentation database generated in our lab.
In this fermentation, E. coli produces green fluorescent protein
(GFP). Two state variables were recorded over time (cell
concentration and protein concentration), and fermentations
were performed under various operating conditions (e.g., tem-
perature, pH, media concentrations, amount of inoculum). The
goal of this example is to build a model that predicts the time
dependent nature of the state variables for novel combinations
of operating conditions given a historical database.

The following model was proposed to describe the time
dependent characteristics of the fermentations.

dX_ X
E_IJ«'X_ v (F;+ Fy)
dv
EZFI-FFS
dl C, 1
E: V “Fi—q,— ‘7 (F1+Fs)
dP P
E:T'X_ v (F; + Fy)
de_dP
dt — dt|
t—tlag
IJ" = IJ"max(XL/X) leL< X < XD
B = X/ X)exp(—Kp(X = Xp)) i X=X,

T=0 if1=0
} 25)

T:YP/X'[.L ifI=0

The model consists of five state variables: (X) cell concen-
trations, (V) volume, (/) inducer concentration, (P) protein
concentration, and (P,) observable protein concentration; a time
lag is associated with the production and detection of the GFP
protein.2° The model consists of seven parameters: ¢ = (Uax»
X1 Xps Kps Ypixs 415 Liag)s (Mumay) Maximum growth rate, (X;)
cell concentration where growth shifts from exponential to
linear, (X,) cell concentration where cells shift from linear
growth to a death phase, (K,) deceleration of growth rate in the
death phase, (Yp,) stoichiometric coefficient describing the
formation of protein from cell mass, (¢,) inducer (arabinose)
consumption rate, and (7,,,) the lag time between protein pro-
duction and detection. Fg is the substrate feed rate, and C, is the
known concentration of the inducer in the feed F,. Figure 6
shows the observed cell and protein concentration data for a
single fermentation along with simulations of the five state
variables.

To model the relationship between the fermentation inputs
(e.g., temperature and pH) and the state variables (cell concen-

662 February 2006 Vol. 52, No. 2

tration and protein concentration), a hybrid semiparametric
neural network (NN) model approach is taken.3® Here there are
two components to the model (NN and ODE) that are con-
nected in series. To test the accuracy of the developed hybrid
model, ten of the 35 fermentations, each having a unique input
condition set, were held out for a test set. The test set was
randomly chosen; however, it was also verified to be represen-
tative of the entire range of final protein yields. The 25 remain-
ing data sets were used to build a hybrid model that used the
fermentation inputs to predict the state variables.

Two approaches were taken to estimate the values of ¢ and
«. First, traditional weighted least squares minimization using
LSQNONLIN (MATLAB® optimization toolbox) was per-
formed upon the same objective function shown in Eq. 21, with
the exception that there were now only two state variables. o«
was estimated after the WSSE (Eq. 21) was minimized with
respect to ¢. a and ¢ were iteratively re-estimated until there
was no further change in ¢ or . Upper and lower bounds were
also applied to each parameter (shown in Table 5). The esti-
mated Hessian was also used to form a Gaussian approximation
to each of the model parameters.

The second approach to estimate ¢ and & used MCMC to
evaluate a Bayesian posterior. The likelihood of the parameters
associated with a fermentation was then

1 1 2 Y (5 — f(b, 1))
L. alDy) = exp| =5 X MA (26)
1 . . 1
LLE R I
7 7
where D, represents recorded state variables of the k" fer-
mentation, y;; is the observed value of the j™ state variable
recorded at time 7;, ¢b is a vector of the seven model parameters,
fi(.t;) is the estimated value of the j™ state variable recorded
at time ¢, (solved by numerically integrating the ODE model for
fixed values of ¢ using ODE23 (MATLAB®)), and «; is the
signal to noise ratio of the j” state variable. Initial concentra-
tions for all state variables are assumed known. Uniform priors
with upper and lower bounds (Table 5) were assigned to each
parameter with the exception of Kp, ¢, and ,,,. Half Gaussian
priors were assigned to Kp, ¢, and 1,,. Upper and lower
bounds were assigned to each hyper-parameter describing the
half Gaussian priors (Table 5). MCMC was performed on each
data set as explained in case study one, but the posterior now
includes seven model parameters (¢), two noise parameters
(), and three hyper-parameters ((oy,, o, and o-,]ag). This
resulted in 28 matrices @, corresponding to the 25 unique input
fermentations in the training data set. The additional three data
sets are from repeated fermentation input runs.

Table 6 summarizes the estimated parameters for each of the
repeated fermentation data sets. Ideally if the same input con-
ditions are repeated twice, the same parameter estimates should
be reached; this is rarely the case for all parameters except for
Mumax- By imposing the informative priors over Kp, g, and t;,,,
more consistent parameter estimates are reached for different
data sets performed with the same conditions. Notice that the
informative priors over Kp, g, and ¢,,, have varying levels of
influence in shrinking their estimated values. For example, the
114, €stimates for condition set 3 differ very little between WLS
and Bayes. This suggests that the data from D;' and D,’
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Figure 6. Observed cell and protein concentration data along with simulations of the five state variables for a typical

E. coli fermentation.

All simulated data used parameters that were estimated by the approximated mode of the posterior that included all uniform priors. (a) cell
concentration (X), (b) actual and observed protein concentration (P dashed, P solid), (c) volume (V), and (d) inducer concentration (/).

Table 5. Model, Noise, and Hyper Parameters Used in the
Bayesian Posterior for the ODE Model (Eq. 25) Describing
the Time Dependent Nature of the Experimental E. coli
Fermentations (Each Parameter is Also Assigned Upper and
Lower Bounds)

Parameter Type Parameter Lower Bound  Upper Bound
Model Momax (1/min) 0 5
X, (g/L) 0 10
X, (g/L) 2 20
K, (L/g) 0 10
Ypx (mg/g) 0 10
q, (mg/L/min) 1074 5
114 (Min) 10 1000
Noise log(1/ay) log(1) log(1/100)
log(1/ap) log(1) log(1/100)
Hyper log(okp) 2 5
log(a,,) 1073 5
1og(014¢) 10 120

AIChE Journal February 2006

strongly suggest that #,,, is approximately 115 (min). There is
a much larger difference between WLS estimates of 7,,, for
condition set 2 (25.6 and 68.1). When the Bayesian analysis is
applied, these two estimates become much closer together
(38.7 and 34.2). The increase from 25.6 to 38.7 is due to the
integration of the posterior and not the implementation of the
informative prior. However, the decrease from 68.1 to 34.2 is
due to the informative prior shrinking the estimate. While we
cannot show that the Bayesian estimates are closer to the true
parameter values for this real case, we can show that they
produce more consistent results between repeated fermentation
runs. Each condition set had two repeated experiments (D, ' and
D,?); however, only D,' from each of the condition sets was
included in the NN training set.

Next, the NN model relating the fermentation inputs to the
model parameters ¢ was trained. To do this we utilized auto-
matic relevance determination (ARD) with Gaussian Process
NNs.22:37 Each of the 13 process inputs was used as inputs to an

Vol. 52, No. 2 663



Table 6. Bayesian and WLS Estimated Values for the Model Parameters Corresponding to Repeated
Fermentation Input Conditions*

Condition Set 1

Condition Set 2

Condition Set 3

WLS Bayes WLS Bayes WLS Bayes

Parameter D D} Di D} D} D3 D} D3 D} D3 D} D3
Mimax 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.015 0.012 0.012 0.012 0.012
X, 2.43 2.56 2.77 3.01 1.64 1.59 1.83 1.58 1.85 2.09 1.79 2.16
Xp 9.56 11.16 7.23 7.38 6.68 7.05 5.22 5.76 6.30 8.28 6.74 6.97
K, 0.46 1.61 0.29 0.32 4.12 4.76 1.08 1.09 0.30 1.06 0.16 0.36
Yp/x 445 3.58 2.93 2.93 3.62 341 3.77 3.68 0.16 0.17 0.17 0.17
q; 0.064 0.060 0.026 0.033 0.014 0.008 0.015 0.016 0.024 0.010 0.009 0.007
Liag 73.3 61.6 37.0 36.3 25.6 68.1 38.7 342 113.0 117.0 111.5 116.6

*For example, condition set 1 corresponds to a unique combination of fermentation inputs, and two fermentations were performed with these same exact fermentation
conditions; D} then corresponds to the data collected during the first fermentation with condition set 1 and D? corresponds to the data collected during the second
fermentation with condition set 1. Ideally D} and D} for each input combination will yield the same estimates of model parameters; however, due to the sparse and

noisy nature of the collected data, estimated values differ.

NN that had one of the model parameters as its output. A 0.632
bootstrap was used to estimate the correlation coefficient be-
tween NN predictions and target model parameter values.?8
Table 7 summarizes the model fits for the training and test sets
for each parameter. The trained NNs were then used to estimate
the model parameters for the test set fermentations.

The trained NN and ODE models were then combined and
used to predict the time dependent nature of the test set fer-
mentations and, thus, estimate the final protein yield. Figure 7
shows the predictions of the final protein yields for the test set;
7a are the predictions when WLS estimates are used as targets
for the NNs, and 7b are the predictions when the means of the
Bayesian posteriors are used as the targets to the NNs. It can be
seen that the Bayesian estimates significantly improved our
ability to predict the protein yield of the test set.

By looking more closely at the NNs that predicted the model
parameter Y, we can gain some insight as to why the Bayes-
ian approach outperformed the WLS approach. Both NNs for
Ypx (WLS and Bayes) identified feed strategy as the most
important process condition in predicting Y. Figure 8 plots
the estimated Y, values versus the feed strategy; feed strategy
here is the rate of substrate addition (ml/min) per current cell
concentration (g/L), which is updated incrementally throughout
the fermentation. It can be seen here that 8a suggests a feed
strategy of 1/10 is probably optimal; however, setting the feed
strategy at 2/5 could also potentially optimize Y. The Bayes
estimates, shown in 8b, seem to suggest that Y, will definitely
be optimized by setting feed strategy to 1/10. The data points

Table 7. Regression Coefficients for Each NN Used to
Predict the Model Parameters (that is u,,,,, X;) Using the
Fermentation Inputs (i.e., pH, temperature)*

WLS Bayesian

R train R test R train R test

Momax 0.69 0.80 0.59 0.83

X, 0.37 0.60 0.49 0.74

X, 0.38 0.72 0.40 0.65

K, 0.35 0.32 0.29 0.47

Ypx 0.47 0.71 0.68 0.88

q; 0.43 0.46 0.51 0.75

Liag 0.36 0.12 0.40 0.50
*R ain 15 @ .632 bootstrap estimate with 50 iterations using the 25 training points.
R, is a hold out estimate using the 10 test points. In general, the regression

coefficients are higher when Bayesian estimates are used as NN targets.
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Figure 7. Actual vs. predicted protein yields.

(a) Corresponds to predictions made by a hybrid-NN when
WLS estimates of model parameters are used to train the NN
component of the hybrid model. (b) corresponds to predic-
tions made by a hybrid-NN when Bayesian estimates of
model parameters are used to train the NN component of the
hybrid model.
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Figure 8. Estimated values of the stoichiometric coeffi-
cient Y, vs. the feed strategy.

(a) Corresponds to estimated values of Y, found via WLS,
and (b) corresponds to estimated values of Yy,, found by
taking the mean values of the Bayesian posterior. Each data
point represents the estimated value of Yy;;.qp Of an experi-
ment with a unique combination of fermentation inputs. The
arrowed point in (a) was estimated from the same data set as
the arrowed point in (b). It can be seen that the Bayesian
estimate is much lower than the WLS estimate. Several other
estimated values of Y, at high glucose feed strategies sig-
nificantly changed when the Bayesian approach was taken.

with arrows represent the same fermentation. Data for this
fermentation are shown in Figure 9. In this Figure, it can be
seen that sufficient data were not collected to estimate Y, and
114, With a great deal of certainty. Implementing informative
priors in a Bayesian posterior defined preferences for a more
gradual decrease in growth during the death phase, a slower
consumption of inducer (which prolongs the amount of time
that protein is being produced), and a shorter lag time between
the production of protein and the observability of protein
(which indirectly specifies a preference for smaller values of
Ypx). We do not have sufficient data to prove that the dashed
curve shown in Figure 9 is closer to the truth than the solid
curve. However, we can show that the bias implemented upon
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all the fermentation model parameters improved our ability to
predict future fermentation kinetics.

Discussion

In this article we present Bayesian methods of including
prior information into the estimation of parameters of nonlinear
dynamic systems. The implementation of prior knowledge here
utilizes hyper-parameters to shrink parameter estimates to-
wards more reasonable values. Tikhonov'¢ developed non-
Bayesian methods to shrink parameter estimates in situations
where data are sparse and noisy; these methods use heuristic
approaches (e.g., cross validation, trial and error) to determine
optimal values of regularization parameters (a regularization
parameter is similar to a hyper-parameter used in the context of
Tikhonov methods). Nounou et al.? discuss Bayesian methods
to determine optimal hyper-parameter values in the context of

Cell Concentration (g/L)

1 1 1 1 1 L
0 100 200 300 400 500 800 700

Protein Concentration {(mg/L)
T

1 I i L L !
a 100 200 300 400 500 600 700
Time (min)

Figure 9. Data observations and model fits for data set
corresponding to arrowed point of Figure 9.

Solid lines represent simulations based upon the WLS param-
eter estimates. Dashed lines represent simulations based upon
mean values of the Bayesian posterior. The WLS estimates fit
the data better. The Bayesian estimates predict more gradual
production of protein.
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linear process models; such methods are referred to as empir-
ical Bayesian approaches.?¢

In this article a fully Bayesian approach is taken; a fully
Bayesian approach requires that prior distributions be assigned
to all hyper-parameters before any data have been observed.
The posterior is then determined by integrating over all possi-
ble values of the hyper-parameter. The main advantage in this
approach is that it can efficiently make use of a wide variety of
data sets without having to alter the parameter estimation
algorithm. If data are sparse or noisy, the hyper-parameter
values will increase the influence of the prior information and
improve parameter estimates (if the specified prior information
is accurate). If enough quality data are available, the influence
of the prior information should be insignificant. The main
challenges in this approach are determining prior distributions
for each parameter and effectively integrating the posterior.
Forming good priors for model, noise, and hyper-parameters
can be a difficult task, especially when the practitioner is not
entirely sure how to quantify his beliefs. When no prior knowl-
edge is available, non-informative priors may be used; how-
ever, such priors are also improper (illustrated in Figure 1) and
result in undesirable results. For example, Figure 3d shows a
situation where a non-informative prior over a hyper-parameter
causes unreasonable shrinkage of the estimated model param-
eter. A similar phenomenon would occur in case study two if a
non-informative prior were used for log(o ). In most cases it
should not be too difficult to determine weakly informative
priors that consist of upper and lower bounds. Helpful prior
information may be more laborious to quantify but may be
worth the extra effort if the available data are limited. For
example, in case study three, t,,, was a difficult parameter to
estimate. DeLisa et al.?® found 7, to be approximately 95
(min) at 30°C, while Heim et al.#* found #,,, to be approxi-
mately 240 (min) at 22°C; however, it is expected that chang-
ing other experimental conditions will also alter the value of
I14¢- The operating range of temperature for our experimental E.
coli database was 30-37°C; thus, we believe that 7, is likely be
closer to 95 (min) than 240 (min). This information helped to
form the prior distributions over #,,, and Tt

The overall theme to this article has been that minimizing the
error between observed data and predictions of a model (e.g.,
weighted least squares) does not always lead to optimal results
in parameter estimation; the inclusion of prior information
alters what is perceived as a “best” fit solution and often such
prior information should not be ignored, especially when data
are sparse or noisy. The Bayes Theorem is an effective means
of using simple laws of probability to combine prior informa-
tion with information from observed data.
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Notation
Variables

C, = concentration of inducer in feed

D = observed data
e;; = random error added to y;; to simulate y;; in case study two
F, = feed rate of inducer (mL/min)
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F¢ = feed rate of substrate (mL/min)
g = mean value of observed product yields
g; = observed i"™ product yield
i, j, or k = arbitrary index
I = inducer (arabinose) concentration (mg/L)
K, = deceleration constant of growth rate in the death phase (L/g)
Kp = product inhibition constant (g/L)
K¢ = monod constant (g/L)
N = number of data points
Ng = number of MCMC samples
Np = number of parameters in posterior (model, noise, and hyper)
P = product or protein concentration (g/L or mg/L)
P, = fluorescing protein (mg/L)
P, = initial product concentration
g, = inducer consumption rate (mg/L/min)
R = correlation coefficient
I?j = potential scale reduction factor for MCMC estimate of j™
parameter
= substrate concentration (g/L)
S, = initial substrate concentration (g/L)
t = time (min)

f;e = time lag associated with produced and fluorescing protein
(min)
u = simulated random variable uniformly distributed between zero
and one

V = volume (L)
WSSE = weighted sum of squared error criterion
X = cell concentration (g/L)
X, = cell concentration where linear growth phase ends (g/L)
X, = cell concentration where growth shifts from exponential to
linear (g/L)
X, = initial cell concentration
Y = matrix of all observed state variables
y;; = simulated /™ state variable at time 7,
¥;; = observed j" state variable at time ¢,
Y,,x = stoichiometric coefficient (product from cell mass)
Yy, = stoichiometric coefficient (cell mass from substrate)
«; = signal to noise ratio for the j state variable
B = mean product yield (case study one)
Bmax = maximum allowable value of
= minimum allowable value of 3
& = random vector used to perturb current MCMC sample values
¢ = vector of model parameters
w = growth rate (h™")
Honae = Maximum specific growth rate (h™" or s ')
6 = vector of all model, noise, and hyper parameters
® = Ny X N, MCMC matrix representing a discrete approximation
to Pr(0|D)
o = standard deviation of error in observed data

0 = hyper-parameter corresponding to a half Gaussian prior distri-
bution over B.
0k, = hyper-parameter corresponding to a half Gaussian prior distri-
bution over K.
Eq = covariance matrix of MCMC proposal distribution (used to

generate values of €)
T = protein production rate (h™')

Functions and probability distributions

E[f(6)] = expectation of arbitrary function
fi(b, 1;) = simulated j™ state variable at time ¢, (solved by integrating
ODE model with ¢)
L(6|D) = likelihood function
N(B,0) = normal distribution with mean of B and standard deviation of
o
Pr(D) = marginal likelihood
Pr(D|0) = sampling distribution
Pr(@) = prior probability distribution
Pr(0|D) = posterior probability distribution

Acronyms

GFP = green fluorescent protein
MCMC = Markov Chain Monte Carlo
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NN = neural network

ODE = ordinary differential equation

WLS = weighted least squares
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